EMBEDDING OF CATEGORY OF TWISTED CHOW- WITT 
CORRESPONDENCES INTO GEOMETRIC STABLE A^DERIVED 

CATEGORY OVER A FIELD 



NGUYEN LE DANG THI 

Abstract. Wc introduce in this note the notion of the category of twisted Chow- Witt cor- 
■ respondences CHW(k) over a field k of characteristic different from 2. Moreover, we show 

C^l , that over an infinite perfect field this category CHW(k)q admits a fully faithful embed- 

ding into the geometric stable A 1 -derived category D A i gm (k)tQ, if we assume a conjectural 
, cancellation in the ^-stable motivic homotopy category StHo^i 51 (k) and a conjecture of 

Morel on the decomposition of stable A^cohomology. If moreover, —1 is a sum of squares 
in fc, then the result is unconditional. 
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One of the main motivations for this work is the embedding theorem of Voevodsky |VoeOO] , 
which asserts that there is a fully faithful embedding of the category of Grothendieck-Chow 
pure motives Chow (k) into the category of geometric motives DM jm (fc), hence also into the 
category of motives DM^ s (fc) 

Chow (k) op -> DM sra (fc), 

if k is a perfect field, which admits resolution of singularities (see e.g. [MVW061 Prop. 20.1 
and Rem. 20.2]). In this note, we construct a category CHW(k), which we call the category 
of Chow- Witt correspondences over a field k of characteristic different from 2 and show 
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that CHW(k)tQ admits a fully faithful embedding into the geometric P 1 -stable A 1 -derived 
category D^i^ gm (k)Q under certain conditions. Our work can be viewed as an A 1 -version for 
Voevodsky's embedding theorem. The advantage here is that by using duality formalism for 
P 1 -stable A 1 -derived category D A i(k) established by A. Asok and C. Haesemeyer in [AHllj 
(see |Hu05l App. A] for stable A 1 -homotopy categories), we do not have to assume the 
resolution of singularities. However, we will systematically avoid to abuse the notion Chow- 
Witt motives, since we neither consider its idempotent completion nor invert the Lefschetz 
object. Moreover, unlike in motivic setting, the main problem here is that we don't have 
cancellation theorem for the effective A 1 -derived category in general, see )AH11| Rem. 3.2.4], 
that is the reason why we have to assume the following conjectural cancellation of F. Morel: 

Conjecture 1.1. |Mor04l Conj. 6.4.3] For any S l -spectra E and F and any n > 1, one has 

Hom S tHo AliSl(fc )(£ A Ef G m , F A EfG m ) = Hom st Ho Al]Sl A £~G* n , F A EfG*") 

^ Hom stH o Al pl (fc) (<TG m (E), cr Gm {F)), 

where aQ m denotes the G m -suspension spectrum. 

The conjecture is suggested by F. Morel relying on his computation of endomorphism ring 
of sphere spectrum. Moreover, if we take Q-coefficient into account, we have equivalences of 
categories 

StHo A i iS i (k) q ~ D e //(k)Q, StHo A i iP i (k) Q ~ D A i (fc) Q . 

A result of F. Morel (cf. |CD10[ Cor. 15.2.14]) said that if —1 is a sum of squares in 
k, then D&i(k)q ~ DMs{k), where DMsik) denotes the category of Beilinson's motives. 
Furthermore, F. Morel conjectured in general that: 

Conjecture 1.2. |Mor04] If —1 is not a sum of square in k, then one has a direct decom- 
position 

[S\ G#] P i ® Q = H 3 f% Q(j)) © H N \ s (k, W ® Q), 

where H%{— , Q(*)) denotes the Beilinson motivic cohomology and W is the unramified Witt 
sheaf. 

On the other hand, our interests started originally from the study of the existence of 0- 
cycles of degree one on algebraic varieties. More precisely, Helene Esnault asked (cf. |Levl0j ): 
Given a smooth projective variety X over a field k, such that X has a zero cycle of degree one. 
Are there "motivic" explanations which give the (non)-existence of a fc-rational point? In 
|AHllj . A. Asok and C. Haesemeyer show that the existence of zero cycles of degree one over 
an infinite perfect field of char(k) ^ 2 is equivalent to the assertion that the structure map 
W tA (X) -> Hq (Spec k) is a split epimorphism, where H| iA (X) denotes the P 1 -stable 
A 1 -homology sheaves, while in an earlier work |AHllaj they also showed that the existence 
of a /c-rational point over an arbitrary field k is equivalent to the condition that the structure 
map Hq (X) — > Hq (Spec k) is split surjective. So roughly speaking, the obstruction to the 
lifting of a zero cycle of degree one to a rational point arises by passing from ^-spectra to 
P 1 -spectra. As remarked by M. Levine, it is not to expect that the category of Chow- Witt 
correspondences CHW(k) contains any information about the existence of rational points, 
even assuming the two conjectures above. Now we state our main theorem in this work: 
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Theorem 1.3. Let k be a field of char (k) ^ 2. There exists a category CHW(k), whose 
objects are such a pair (X,ux/k), where X e SmProj jk and ux/k denotes its canonical line 
bundle. The morphisms in CHW(k) are given by 

Rom CHW{k) (X,Y) = CH dim(X) (X x Y,p x Y *u x/k ). 

If k is an infinite perfect field of char(k) ^ 2, then under the conjectures li.il and one 
has a fully faithful embedding 

CHW{k)°v D A ^ gm (k) Q . 

The result on the embedding with Q- coefficient holds unconditionally, if — 1 is a sum of 
squares in k. 

In fact, one of the main steps in the work of [AHllj is to exhibit a natural isomorphism 
H° tAl (X)(L) -> CH (X L ) for any separable, finitely generated field extension L/k. So one 
may relate this step to our work as evaluating at a generic point. Now our paper is organized 
as follows: we will review shortly A 1 -homotopy theory in section §2. Section §3 is devoted 
for A 1 -derived categories, in fact we will define the geometric P^-stable A 1 -derived category 
D&i^mik) over a field k in 13.91 at the end of §3. In these §2 and §3 we simply steal everything 
which is needed from the presentation of |AHllj . For a complete treatment we strongly 
recommend the reader to |Ay08| , |CD10] and |Morl2j . The proof of Theorem 11.31 is divided 
in two steps. Firstly, we construct CHW(k) in section §4 (see Proposition 14.41 and Def. 
14. 5p . The embedding functor is established then in section §5 (see Proposition 15 .5 j) . We fix 
now some notations throughout this work. For a pair of adjoint functors F : A — > B and 
G : B — > A, we will adopt the notation in [CDlOj 

F:A^B:G, 

where F is left adjoint to G and G is right adjoint to F. The unit 1 — > GF will be denoted by 
ad(F, G) and the counit FG — > 1 by ad\F, G). Given two smooth fc-schemes 1,7 6 Sm/k 
and two vector bundles £,£' over X resp. Y, we write £ x £'/X x Y for the external sum 
over X x k Y. 

2. A^HOMOTOPY CATEGORY 

2.1. Unstable A 1 -homotopy category. Let Sm/ k denote the category of separated smooth 
schemes of finite type over a field k. We write Spc/k for the category Sh Xis {Sm / k) 
consisting of simplicial Nisnevich sheaves of sets on Sm/k. An object in Spc/k is simply 
called a /c-space, which is usually denoted by calligraphic letter X. The Yoneda embedding 
Sm/k — > Spc/k is given by sending a smooth scheme X e Sm/k to the corresponding rep- 
resentable sheaf Honi5 m ^(- , X) then by taking the associated constant simplicial object, 
where all face and degeneracy maps are the identity. We will identify Sm/k with its es- 
sential image in Spc/k. Denote by Spc + /k the category of pointed /c-space, whose objects 
are (X,x), where X is a fc-space and x : Spec A; — > X is a distinguished point. One has an 
adjoint pair 

Spc/k f± Spc + /k, 

which means that the functor Spc/k — > Spc + /k sending X — > X + = A'JJSpec/c is left- 
adjoint to the forgetful functor Spc + /k — > Spc/k. The category Spc/k can be equipped with 
the injective local model structure (C s , W s , F s ), where cofibrations are monomorphisms, weak 
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equivalences are stalkwise weak equivalences of simplicial sets and fibrations are morphisms 
with right lifting property wrt. morphisms in C s R W s . Denote by Hof !S (fc) the resulting 
unpointed homotopy category as constructed by Joyal-Jardine (cf. [MV01 , §2 Thm. 1.4]). 
We will write Hof| s (fc) for the pointed homotopy category. 

Definition 2.1. jMVOlj 

(1) A k-space Z G Spc/k is called A 1 -local if and only for any object X G Spc/k, the 
projection X x A 1 — > X induces a bijection 

B.om Ho ms (k) (X,Z) 4 Eom Ho m s{k) (X x A\Z). 

(2) Let X — > y G Mor(Spc/k) be a morphism of k-spaces. It is an A 1 -weak equivalence 
if and only for any A 1 -local object Z, the induced map 

}iom no m s{k) (y,Z) ->■ nom Ho m s(k) (X,Z) 

is bijective. 

In [MVOlt §2 Thm. 3.2], F. Morel and V. Voevodsky proved that Spc/k can be endowed 
with the A 1 -local injective model structure {C,W&i, F&i), where cofibrations are monomor- 
phisms, weak equivalences are A x -weak equivalences. The associated homotopy category ob- 
tained from Spc/k by inverting A x -weak equivalences is denoted by Ho A i (k) — Spc/k[W7i]. 
This category is called the unstable A 1 -homotopy category of smooth fc-schemes. Let 
Hof]fi_ ;oc (/c) C Hof ls (fc) be the full subcategory consisting of A 1 -local objects. In fact, 
one has an adjoint pair (cf. |MV01j ) 

L A i : Hof s (k) +± HoJS^fc) : i, 

where L&i is the A 1 -localization functor sending A : -weak equivalences to isomorphisms. L& 1 
induces thus an equivalence of categories Ho A i(fc) -»■ nof£_ loc {k). This will imply that if 
X G Spc/k is any object and y is an A 1 -local object, then one has a canonical bijection 

Rom Uo ms (k) (X,y) 4 HomHo A i(fc)(^,y)- 

We will write Ho A i + (fc) for the unstable pointed A 1 -homotopy category of smooth k- 
schemes. Recall 

Definition 2.2. Let X G Sm/k and E be a vector bundle over X . The Thorn space of E is 
the pointed sheaf 

Th(E/X) = E/E — sq(X), 
where so : X — >■ E is the zero section of E. 

Let T G Spc + /k be the quotient sheaf A 1 /(A 1 — {0}) pointed by the image of A 1 — {0}. 
Then T = S\ A S] in Ho A i i+ (fc) ( |MV01L Lem. 2. 15]). For a pointed space X G Spc + /k, we 

denote by £ T (#, x) = T A (X, x). Remark that F^/P"- 1 = T n d = T An is an A^equivalence. 
In particular, we have (P 1 ,*) = T f jMVOll Cor. 2.18]). Recall 

Proposition 2.3. [MV011 §3 Prop. 2. 17] Let 1,7 G Sm/k and E, E' be vector bundles 
on X and Y respectively. One has 

(1) There is a canonical isomorphism of pointed sheaves 

Th(E x E'/X xY)= Th(E/X) A Th(E'/Y). 
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(2) There is a canonical isomorphism of pointed sheaves 

Th{O n x ) = £™X + 

(3) The canonical morphism of pointed sheaves 

F{E © O x )/F(E) ->■ Th{E) 

is an A 1 -weak equivalence. 

The following theorem due to Voevodsky will play an essential role for our purpose. 

Theorem 2.4. |Voe03l Thm. 2.11] Let X £ SmProj jk a smooth projective variety of pure 
dimension dx over a field k. There exists an integer n x and a vector bundle Vx over X of 
rank nx, such that 

Vx@T x = O n x x+dx eK Q (X), 
where Tx denotes the tangent bundle of X . Moreover, there exists a morphism T x x+dx — > 
Th(V x ) in Ho A i i+ (fc), such that the induced map H 2 J ^ [ X {X, Z(cfx)) — > Z coincides with the 
degree map deg : CH (X) — > Z. 

2.2. Stable A 1 -homotopy categories. Let Spect^(Spc/k) be the category of symmetric 
spectra in /c-spaces, which can be viewed as category of Nisnevich sheaves of symmetric 
spectra. By applying the construction in |Ay08 Def. 4.4.40, Cor. 4.4.42, Prop. 4.4.62], 



Spect 11 (Spc/k) has the structure of a monoidal model category. Let StHo 5 i(fc) be the result- 
ing homotopy category. The stable A 1 -homotopy category of S^-spectra StHo^gi (A;) is ob- 
tained from StHogi(fe) by Bousfield localization. Equivalently, the category Spect s (Spc/fc) 
can be equipped with an A 1 -local model structure (cf. |Ay08 , Def. 4.5.12]). The homotopy 



category of this A 1 -local model structure is StHoAi,si(&), which is also known to be equiva- 
lent to the category StHofi _ loc (Sm/k) constructed by F. Morel in [Mor05t Def. 4.1.1]. The 
A 1 -local symmetric sphere spectrum is defined by taking the functor 

n^L A i(Sl An ) 

with an action of symmetric groups, where L&i denotes the A 1 -localization functor. For a 
pointed space (X, x), its A 1 -local symmetric suspension spectrum is defined as the symmetric 
sequence 

n^L A i(Sl An AX) 

together with symmetric groups actions. Let £ be an A 1 -local symmetric spectrum in Spc/k. 
One defines f jAHlll Def. 2.1.11]) the i-th ^^stable A^homotopy sheaf tt? a1 ' s1 (E) of £ as 
the Nisnevich sheaf on Sm/k associated to the presheaf 

U H- Hom stH o AliSl ( fc )(5 s 1Ai A T?U+,£). 

Now we consider the symmetric T-spectra or P 1 -spectra. P 1 is pointed with oo and P 1An 
has a natural action of S n by permutation of the factors, so the association n ^ P 1An is 
a symmetric sequence. A symmetric P^-spectrum is a symmetric sequence with a module 
structure over the sphere spectrum S°. Denote by Spectpi (Spc/k) the full subcategory of 
the category of symmetric sequence in fc-spaces Fun(Sym, Spc + /k) consisting of symmetric 
P 1 -spectra, which also has a model structure |Ay08 Def. 4.5.21]. Here we denote by Sym 



the groupoid, whose objects are n and morphisms are given by bijections. Let StHo A i P i(A;) 
be the resulting homotopy category, which is called P 1 -stable A 1 -homotopy category. For 
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a pointed space (X,x), we will write ~E^i(X,x) for the suspension symmetric P 1 -spectrum, 
i.e., it is given by the functor n i— > P 1An A X equipped with an action of symmetric group by 
permuting the first n- factors. Let S* be a suspension symmetric P 1 -spectrum of S\. If £ is a 
symmetric P 1 -spectrum, then the z-th P 1 -stable A 1 -homotopy sheaf Tif A ,P (£) is defined as 
the Nisnevich sheaf on Sm/k associated to the presheaf (cf. [AH 11 , Def. 2.1.14]) 

U ^ Hom stHoAliPlW (S i A X$U + ,£). 

Theorem 2.5. [Mor05t Thm. 6.1.8 and Cor. 6.2.9] Let £ be an K l -local symmetric S 1 - 
spectrum. The homotopy sheaves irf ' (£) are strictly A 1 -invariant. 

One has a canonical isomorphism |AHlll Prop. 2.1.16] 

colim n ilom st no Al>sl (k)(Z?G% A Z?(U+), ZfG% A E?{X,x)) 4 

So one may view that StHo A i P i(A;) is obtained from StHo A i 5 i(/c) by formally inverting 
the AMocalized suspension spectrum of G m . So from 12.51 we see that for a pointed fc-space 
(X,x), the homotopy sheaves 7r? ' (X) are also strictly A 1 -invariant. By the computation 
of F. Morel, one can identify the Milnor-Witt i^-theory sheaves with stable homotopy sheaves 
of spheres 

KMW <tef stA 1 ,? 1 /^ooi-fiAnu 
n — n l^PH^m ))■ 

This identification allows us to conclude that K.^ IW are strictly A 1 -invariant sheaves. 

3. A 1 -HOMOLOGICAL ALGEBRA 

3.1. Effective A 1 -derived category. Let Ch_(Ab k ) be the category of chain complexes 
over the category Abk of abelian Nisnevich sheaves. Denote by Ch> (Ab k ) the category of 
chain complexes of abelian Nisnevich sheaves, whose homoglocial degree > 0. The sheaf- 
theoretical Dold-Kan correspondence 

N : A op Ab k <± Ch>o(Ab k ) : K, 

where A op Abk is the cateogry of simplicial abelian Nisnevich sheaves, gives us via the inclu- 
sion functor Ch>o(Abk) Ch_(Ab k ), a functor 

A op (Ab k ) ^Ch_(Ab k ). 

By applying this functor on the Eilenberg-Maclane spectrum HZ, we obtain a ring spectrum 
HZ in Fun(Sym, Ch-(Ab k )). Let Spect s (C 'h-(Abk)) be the full subcategory of the category 
Fun(Sym, Ch_(Ab k )) consisting of modules over HZ. On the other hand, by composing with 
the free abelian group functor 

Z(-) : Spc/k A op {Ab k ), 

one obtains a functor 

Fun(5z/m, Spc + /k) -»■ Fun(Sym, Ch-(Ab k )), 

which sends the sphere symmetric sequence to HZ. This induces then a functor between 
categories of symmetric spectra 

Spect^(Spc/k) -> Spect^ (Ch_(Ab k )). 
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In fact, by |Hov014 Thm. 9.3], this induces a Quillen functor, which one refers as Hurewicz 
functor 

S) ab : StHo s i(ib) -»■ D_(Ab k ). 

Now the effective A 1 -derived category D e ^/(k) is constructed by applying AMocalization on 
the category Spect E (C/i_(^46fc)). By the work of Cisinski and Deglise (cf. |CD10t §5]), this 
category is equivalent to the A 1 -derived category constructed by F. Morel in |Morl2j . Let 
(X,x) G Spc + /k be a pointed space, and Hf(X,x) its suspension symmetric spectrum. We 
apply the Hurewicz functor on T,f(X,x) and then L°^_{— ), so we may define a functor 

Cf : StHosi(*) -> Df(k), T?(X,x) ^ L$(£ a6 (£ s °° (X, x))). 

Here we write L°j//[ for the A 1 -localization functor on chain complexes to distinguish from 

the A 1 -localization L&i on spaces. If X G Spc/k is not pointed, then we write Cf 1 (X) d = 
Cf(X + ). Define Z[n] = Sj ab (EfS^). 

Definition 3.1. Let X G Spc/k be a k-space. Its i-th A 1 -homology sheaf is the Nisnevich 
sheaf Hf (X) associated to the presheaf 

U ^ Hom^e//,^ (Cf 1 (U) [i] , 1 (X)) d = f Horn,., (Cf (U) ® Z[i], Cf (AT)). 

Consider (P 1 , oo) pointed by oo. According to [MVOll Cor. 2.18], we have P 1 = Sj A G m , 
so we have an identification C^ 1 (F 1 ) = (Si AG m ). We define the A 1 -Tate complex (called 
enhanced Tate (motivic) complex by A. Asok and C. Haesemeyer |AHlll Def. 2.1.25 and 
Def. 3.2.1 and Lem. 3.2.2]) as 

Z*(n) = Cf (P 1A ")[-2n] = Z A i(l)«*\ 

Definition 3.2. Let G Spc/k be a k-space. The bigraded unstable A 1 -cohomology group 
H^i(X,7j) is defined as 

H P J(X,Z) = Rom D eff (k) (Cf(X),Z A i(q)\p}). 

A 1 v ; 

The relationship between unstable A 1 -cohomology and Nisnevich hypercohomology with 
coefficient Z&i (n) is given by the following 

Proposition 3.3. [AH11, Prop. 3.2.5] Let k be a field and X G Spc/k be a k-space. One 
has 

(1) For any p, q, there is a canonical isomorphism 

W ms {X,Z k ,{ q ))^H™{X,Z). 

(2) The cohomology sheaves H V {7L^\ (q)) = 0, if p > q. 

(3) There is a canonical isomorphism H_ p (Z A i(p)) = K* fW/ , for all p > 0. 

Remark 3.4. One observes that the complex Z A i(n) is A 1 -local, hence by definition (cf. 
[Mori 21 Def. 5.17]) one has immediately that the sheaves H_ p {Z&i(q)) are strictly A 1 - 
invariant. 
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3.2. P 1 -stable A 1 -derived category. Having A 1 -Tate complex, the way that we stabilize 
the category D e ^/(k) is to invert formally the A x -Tate complex to obtain the P 1 -stable A 1 - 
derived category D A i(k). This can be done by |CD10t §5]. As before, we take D A i(k) as 
the resulting homotopy category of the model category Spectpi (Ch-(Abk)) consisting of 
modules over the A 1 -localization of the normalized chain complex of the free abelian group 
on the sphere symmetric P 1 -spectrum. For a pointed space (X,x) £ Spc + /k, the stable 
A^complex Cf A \X) of (X,x) is defined as Lg(JVZ(EJ§(AT,x))) and if X £ Spc/k is an 
unpointed fc-space, then we write C* tAl (X) for Cf A (X + ). The category D A i(k) has an unit 
object, denoted by l k , which is the complex C^ Al (S°). Define ljt[n] = l fe <8> C* tAl (S™) and 
Cf Al (X)[n) = Cf A \X) ® l k [n) for a fc-space (A*, a:) £ Spc+/k. 

Definition 3.5. Let X £ Spc/k be a k-space. The i-th P 1 -stable A 1 -homology sheaf 'Hf A (A) 
is the Nisnevich sheaf associated to the presheaf 

U ^ Kom DAl{k) (C: tA \um,C: tAl (X)). 

Just like in case of stable A 1 -homotopy categories, one has the following result 

Proposition 3.6. [AH1U Prop. 2.1.29] Let U £ Sm/k and (X, x) £ Spc + /k. One has a 
canonical isomorphism 

(3.1) coUm n Rom D . ff (Cf (U) <g> Z A i (n) [z] , (X) ® Z A i(n)[i]) 4 

Hom DAl(fc) (Cf Al (t/),C ; f Al (A)). 

The Hurewicz formalism induces the following functors, which one still calls Hurewicz 
functors (or abelianization functors) 

StHoAi,si(A;) — >• D*jf/(h), 
StHoAi.pi (fc) ->■ D A i(k), 

which give rise to morphisms of sheaves 

ir? Al > Sl (Z?(X + ))-+Hf(X), 
n? Al > v \^(X + ))^Hf A \X). 

Definition 3.7. Let X £ Spc/k be a k-space. The bigraded P 1 -stable K x -cohomology group 
H p ' q kl (X,'L) is defined as 



H P s ;l(X,Z) =Hom DAl(fc) (Cf A (X),Z A i(q)\p}). 

The advantage of P 1 -stable A 1 -derived category D A i(k) is that one has duality formalism. 
In the context of stable A 1 -homotopy theory, it was done in [Hu05l App. A]. The theorem 
of Voevodsky 12.41 implies that one has a morphism 

l k ->• ^Th(-T x ). 

We recall 



Proposition 3.8. jAHlll Prop. 3.5.2 and Lem. 3.5.3] Let X G SmProj/k, then Cf A \X) 
is a strong dualizable object in D^i(k) and its dual is C^ tAl (X) v = C* tAl (Th(-Tx)) ■ Con- 
sequently, one has a canonical isomorphism 

(3.2) Hom DAl(fe) (l fc ,Cf Al (X)) 4 Rom DAl(k) (C: tA \X)\ 1„). 

We end up this section by a definition 

Definition 3.9. Let k be a field. One defines the geometric stable A 1 -derived category 
D&^g m {k) overk as the full subcategory ofD A i(k) generated by Cf A (X) for X G SmProj jk. 

4. Twisted Chow- Witt correspondences 

We recall the intersection theory in Chow- Witt rings in |Fas07] and |Fas 08] . Let k be a 
field of characteristic different from 2, X G Sm/k be a smooth fc-scheme and C a line bundle 
on X. The z-th Chow- Witt complex twisted by £ is defined to be the fiber product complex 
[Fls07l Def. 3.21] 

C*(X,G\C) >C fs (X,P,jC) 



C*(X, Kf) > C* FS {X, P/P+ 1 ) 

This means that one has a short exact sequence of complexes 

C*(X, G\ C) C* FS {X, I\ C) © C*(X, Kf 1 ) C* FS (X, P/I i+1 ) ->• 0. 
Here C*{X,Kf I ) is the Gersten-Milnor complex 

0^K^(k(X))^ k£m*)) ^ • ~ 

x&XW 

C FS (X, P, C) is the twisted by C complex of fundamental ideal of the Witt ring of modules 

of finite length in Fasel's notation. The 2-th twisted by C Chow- Witt group CH (X, C) is 
defined as W(X, C*(X, G\ £)). There is a product (cf. |Fas07| Rem. 6.2]) 

■ : IP(C*(X, G\£))® H j {C*{X, G j , £')) -> H i+3 {C*{X, G i+ \ C®C% 

which is not commutative in general. This product defines then the intersection product • 
on the twisted Chow- Witt groups CH*(X,£). For a G CIT (X, £) and (3 G CrF(X,£')> we 
define their left resp. right intersection product as 

a •/ j5 = a • p, 
a > (3 = (3 ■ a. 

Recall the following proper base change result of J. Fasel: 

Lemma 4.1. [AH11, Prop. 4.2.2] Given a cartesian square □ of smooth k-schemes 

x'^Ux 



y 



f 
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where f is proper. Then via the exchange transformation structure 

9*1' 



Ex{Uj : p /* — % g*gp /* = / /„ - 



one /ias jr/* = g*g ! . 

Remark 4.2. (1) p ! = p* and g ! = q*, if they are flat (see [Fas07l Prop. 7.4]). 

(2) The formulation of I4.1l with exchange transformation structure is not exactly what is 
proved in [AH114 Prop. 4.2.2]. However, as remarked by B. Calmes and J. Hornbostel 
[CH09J, that the adjunction formalism on categorial level should apply also to Chow- 
Witt theory. 

(3) J. Fasel (private communication) pointed out to me that Lemma 14.11 is not quite 
correct in general, since in general one has an excess intersection formula. However, 
the projection formula holds for Chow- Witt groups and that is what we need in this 
work. 

Corollary 4.3. |AHlll Cor. 4.2.3 and Rem. 4.2.4] Let f : X — >■ Y be a proper morphism 
of smooth k-schemes. Then one has projection formulas for both left and right intersection 
products with arbitrary twists 

f*(fot •i0)=a -i f*/3, 

and 

f*(f'OC • r /3)=a - r /*/?. 

Let 1,7 6 SmProj /k. We define the group of Chow- Witt correspondence between X 

and Y as CH (X x Y, p x Y *ux/k), where p x Y denotes the projection X x Y — > X, ux/k is 
the canonical line bundle on X and dx = dim(X). 

Proposition 4.4. Let X,Y,Z e SmProj /k, where k is a field of char (k) ^2. If a E 
CH (X x Y,px Y *ux/k) and f3 e CH (Y x Z, py Z *UY/k) , then their composition will land 



de fXYZ/XYZ*/\ XYZ*/ o\\ _ mj dx ( V ry „xz*, 



if i 

/3o«= Px y z*(PxY Z » -iPyz Z *W)) G GE-(X x Z,p?* Ux/k ) 
Moreover, this composition is associative and satisfies the unit axiom. 

Proof. The projection p x \ z '-XxYxZ^-XxY induces a functorial homomorphism (cf. 
[FisPTl Thm. 3.27] or |Fas08l Chap. 10]) 

p X x Y Y Z * : CE X (X x Y,p x Y *co x/k ) GR X (X x Y x Z,p* YZ * op x Y *u x/k ). 

- — dx 

The right hand-side is nothing but CH (X x Y x Z, p x YZ *ux/k)- Analogously, we have 
a functorial homomorphism onFxZ factor. Consider the intersection product defined as 
pullback of the exterior product along the diagonal (cf. |Fas07t Def. 6.1]) 

■ : CH X (X x Y x Z,p x YZ *u x /k) ® CH** (X x Y x Z,p§ YZ *uj Y / k ) -> 

Ck dx+dY (X xYx Z, Px _ YZ *tu x/k ®o XxYxZ PY YZ ^Y/ k ). 

In general, the intersection product defined on H^(C*(X, G J , £)) is not commutative (not 
even anti-commutative), see |Fas07t Rem. 6.7]. So we define the composition (3 o a via the 
left intersection product. 

Poa d = f p x YZ (p x YZ *(a)- lP ^ Z *m 
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Since 



we may rewrite 



xyz* ^ xyz* ^ XYZ* 

UXxYxZ/k= Px U X /k ® P Y Uy/k ® Pz ^Z/k, 



CR x+dY (X xYx Z,p x YZ *ou x/k ®o XxYxZ pV Z *UY,k) = 

CR x+dY (X xYx Z,u XxYxZ ® {p x z YZ ^z/kY). 
But {Pz YZ * UJ z/k) v — Pz YZ *( u z/k)- Apply now the pushforward p x ^ z , we have 

pYzl ■ CR dX+dY (X x Y x Z,u XxYxZ/k ® Px l z *o P r*(^ z/k )) -+ 

CH X (X x Z 1 io XxZ ^p xz *(uj y z/k )) = CR X (X x Z,p x z *u x/k ), 

which gives us the composition o a as expected. Now we check the unit axiom. Given 

X, Y G SmProj /k and a G CH (X x Y, p x co x / k ). Apply the definition of composition 
we have 

A Y oa = Px _ Y Y (p x V*(a) . lP %*\± Y )). 
By projection formula for left intersection product 14. 3[ the right hand side is nothing but 
a 'i Pxy Y (Pyy Y *(^y))- We write Py YY = idx x Py Y , so we have then 

PxVAPyV^^y)) = PxVA'x x Py Y * A y) = W G CH {X x Y) C GW(k(X x Y)), 

where GW(k(XxY)) denotes the Grothendieck-Witt ring. It follows that Ayoa = a-il Xx y. 
Symmetrically, we have a o Ax = l Xx y 'i oc. Now the unit axiom follows from the fact 
that l Xx y is a left and right unit ( [Fas07t Prop. 6.8]). To check the associativity of the 
composition, one translates word by word from |Ful98j Prop. 16.1.1], where one has to use 
I4.1[ functorialities of pullback and pushforward and the fact that the intersection product 
on twisted Chow- Witt groups is associative |Fas07t Prop. 6.6]. Indeed, given X,Y,Z,W G 
SmProj jk and a,/3,7 correspondences from X to Y resp. Y to Z resp. Z to W, we have 
then 

7 o (0 o a) = pYw W Ap^z W \p X xT{p X x Y y Z ^ p%*0)) •* pfg^ 7 ) 
= p¥w W ApYz Z w W ApYy Z z W *{Px Y y Z ^ pVz Z *P)) i P X z^l) 
= P X x Z Z{p X x Y z Z ^{{pl¥ W ^ - lP XY z ZW ^) -ipYz^P^!)) 
= P X x Y w ZW ((p X x Y y ZW ** i pYz ZW ^) -i P X zl ZW *l) 

_ n XYZW (XYZW*^ ( n XYZW*o n XYZW*„,\\ 
-PXW* VPXY a 'l\PYZ P-IPZW I))- 

Symmetrically, one can bring (7 o (3) o a also into this form, which finishes the proof of our 
proposition. □ 

From H~4l we thus may define the category of Chow- Witt correspondences CHW(k). 

Definition 4.5. The category of Chow-Witt correspondences CHW(k) over a field of char- 
acteristic unequal 2 is given by Obj (C HW (k)) = Ob j (SmProj / k) and 

Rom CH w(k)(X,Y) = CH dim(X) (X x Y, Px Y *ou x/k ), 

where composition of morphisms are defined with respect to the left intersection product. 
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5. Proof of 11.31 

Let k be an infinite perfect field of characteristic unequal 2. In this section we prove that 
one has a fully faithful embedding 

CHW(k)% -> D^ gm (k) Q , 

if we assume the conjectural cancellation in the S^-stable motivic homotopy category StLLo&i^i (k) 
and the conjecture for decomposition of stable A 1 -cohomology. We will work in this section 
mainly with Q-coefficient. Remark that one has the equivalences of categories: 

StHo A i, S i (fc) Q = D e l f (k) Q , StHo A i, P i (k) Q = D A i (k) Q . 

By a theorem of F. Morel (cf. |AHlll Thm. 4.1.8]), one has a quasi-isomorphism of untwisted 
complexes 



C*{-Kf w )^C*{-Kf) x clH{ -,iyi^,o x )C* AH (-I\O x ), 

where for a line bundle £ over a smooth k-scheme X e Sm/k the complex C AH {— , P, C) in 
degree j in Asok-Haesemeyer's notation is given by |AHllt Def. 4.1.4] 

C AH (X,I\C) = P fl {O x , x ,C x ). 

Hence we may redefine the twisted z-th Chow- Witt complex of sheaves as the fiber product 
complex (cf. [AH111 Def. 4.1.9]) 

C*(- K^ w , C) > C* AH (- P, C) 



C*{-,K?) >C* AH (-,P/P+i) 

The only non-zero cohomology sheaf of C*(—,K^ IW ,C) occurs in degree |AHlll Thm. 
4.1.10], and so one defines the twisted Milnor-Witt sheaf on a smooth scheme X with a line 
bundle C as ( [ATTTT1 Def. 4.1.11]) 

Kf W (C) = f H°C*(- K MW , C). 
One has obviously a canonical isomorphism from |AHlll Thm. 4.1.10] 

(5.3) W Nls (X,Kf w (£))^CK(X,C). 
We recall in the following the result on Thorn isomorphism: 

Theorem 5.1. (Thorn isomorphism) |AHlll Thm. 4.2.7] Let X 6 Sm/k a smooth k-scheme 
over a field k of char {k) ^ 2 and E/X be a vector bundle of rank r. Then one has the Thorn 
isomorphism 

(5.4) H p Nis (X, Kf w (det E)) = Hf£{Th{E), K^T). 
We prove firstly 

Lemma 5.2. Let X, Y G Sm/k be smooth k-schemes, where k is a field. Denote by dy = 
dim(F) and ny the rank of the vector bundle Vy/Y (see 2.4)- We write £ = Ox x Vy/X x Y. 



Assume \l.l\ and \1.2\ we have then a canonical isomorphism 

flJ^'Wf). Q^(dy + n Y )) = H%t n -{Th{8\ K^) 
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Proof. Consider the hypercohomology spectral sequence 

E P 2 q = H p Nls (Th{£),H\^(n Y + d Y ))) H p A t q (Th(£), Q A i(n y + d Y )). 

As H g (Q&i(n Y + d Y )) = for q > n Y + d Y , we have a canonical homomorphism 

H 2 ^ Y+nY \Th(8), Q(n Y + d Y )) H dY+nY (Th(8), K^ dy ), 

whose kernel and cokernel are built out of the groups H 2 jf Y+nY ^~\Th(8),IP(QA-L(n Y + dy))) 
and H^ Y+dY) ~ i+1 (Th(8),H i (Q A i(n y + d Y ))) for i < n Y + dy. By Nisnevich excision, after 
shrinking Y, we may assume S is trivial, hence we have an isomorphism 

H 2 ^ +nY) -\Th{S\W{Q{n y + d Y ))) ~ x V, J?(Q(n y + dy)))_ (nr) . 

The right hand side can be compute by comparison to the Zariski cohomology of the Gersten 
resolution (cf. |CTHK97p 

QFCQai (dy + n Y ))-{ nY ))\XxY z<tr ~> SiQh^dy + fly))_ (ny) («(x)) -> ► 

-> Jf(Q A i(dy +ny))_ (ny+ff) (K(x)) -> ••• 

Remark that i£ l (Q A i(j)) are strictly A 1 -invariant sheaves and hence their contractions are 
also A 1 -invariant sheaves (cf. [AHTT] Cor. 2.3.6]), so one may apply [AH11, Prop. 4.1.1]. 
Now for any finitely generated field L/k, we have by |AH1R Prop. 2.3.7] 

mQ^iny + dy))- (2dy+2ny -,)(L) = Hl(L + A GT dY+2nY ^\Q(n Y + dy)). 

Since we assume the conjecture 11.11 the right hand side is nothing but the stable A 1 - 
cohomology H 2l tA 2(jlY+dY \L + , Q(i — (n Y + d Y ))). Remark that thanks to the proof of |Voe03t 
Thm. 2.4], the natural number n Y is always positive. The conjecture 11.21 implies now that 
this group is decomposed into 

H 2 ^ dY - nY \L + , Q(i - d Y - n Y )) = Hf- dY - nY) (L + , Q(i - d Y - n Y )) © H*- d ^(L + , W Q ). 

But i < d Y + n Y , all these cohomology groups have to vanish, so we can conclude the 
lemma. □ 

The lemma will imply the following 

Corollary 5.3. Under the assumptions as above, one has a canonical isomorphism 

H^ Y+nY \x + A Th(V Y /Y), Q A i (d Y + n Y )) - H 2 J d A Y+nY) (X + A Th(V Y /Y), Q A i (d Y + n Y )). 

Proof. The proof follows immediately from the lemma 15.21 above and the next proposition. 

□ 

Proposition 5.4. [AH11, Prop. 3.3.5] For any pointed k-space (<M,x), there is a canonical 
isomorphism 

AW*, Kf w ) 4 Hf£(X A P 1 , KjEf) 
Now we are able to finish the proof of the main theorem. 
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Proposition 5.5. Let k be an infinite perfect field of char (k) ^ 2. Let X, Y G SmProj jk 
be smooth projective k-schemes. Under the conjectures \1.1\ and \1.S\ one has a canonical 
isomorphism 



Rom DAl{k)Q (C: tAl (X),C: tA \Y)) = CH Y (X x Y,p^ Y *u Y/k ) Q . 
Consequently, CHW(k)q — > Dj^. )gm (k)Q is a fully faithful embedding. 

Proof. Denote by Ox the trivial vector bundle of rank on a scheme X. Let us denote by dx 
resp. dy the dimension of X resp. Y . We have 

Hom DAl(fc)o (Cf Al (X),Cf Al (F)) 2 Hom DAl(fc)Q (Cf Al (X) ® Cf Al (F) v ,Q) 

2 Hom DAl(fc)Q (Cf Al (X) ® 5f Al (rM-T K )),Q) 

(3) „ , _ . 

= Hom DAl(fc)Q (Cf A (T/i(O x )) ® Cf A (T/i(V y )),<^x(dy + ny)[2(dy + n r )]) 
— Homu Al (fc) Q (Cf Al (T/i(O x ) A T/i(W)), Q Al (^y + n y )[2(d y + ny)]) 
I Rom DAl(kh (Cf A \Th(0x x Vy/X x F)), Q Al (d Y + n Y )[2(d y + n Y )]) 

(6) _ , 

= Hom D e //(fc) (C A (Th(O x x Vy/X x F), QA 1 (d Y + n Y )[2(n Y + dy)]) 

A 1 V 1 

S Hd y+n Y(Th(0x x yy/x x r);K ^ ny ) Q I <-(X x F,K^(det(O x x W/X x y))) Q 

I Ch""(X x Y,p Y Y *u Y/k ) Q ( = } Hom cw(fc)o (F,X). 

We explain now all these identifications. (1) follows from Horn — <g> adjunction isomorphism 
13.21 The second isomorphism (2) is a consequence of duality formalism in P 1 -stable A 1 - 
derived category (Proposition 13. 8p . The third isomorphism (3) is a consequence of the 

TheoremE31 which will imply an identification Z™(Th(V Y )) 4 Sgf +dy Sgj (Th (-T Y )). (one 
should beware that the notation here is not a suspension spectrum, see [AHllj Exam. 3.1.4] 
for the discussion). The isomorphisms (4) and (5) follows from definitions. (6) is the corollary 
15.31 The identification (7) is the lemma I5T21 The identification (8) is the Thorn isomorphism 
15.41 in the Theorem 15.11 (9) follows from the simple observation that 

det(O x x V Y /X x Y) = f\ p Y Y *V Y p^ Y * /\ W = P Y Y *u Y/k , 

Ox x Y Oy 

where the last isomorphism follows from the property of determinant. (9) is the identification 
15.31 between Nisnevich cohomology groups with coefficient as twisted Milnor-Witt X-theory 
sheaves and twisted Chow- Witt groups and (10) is the definition of morphisms in CHW(k). 

□ 

Remark 5.6. If we assume —1 is a sum of squares in k, the result of F. Morel (cf. [CD 10, 
Cor. 15.2.14]), which says that the stable A 1 -derived category is equivalent to the category 
of Beilinson's motives D A i(k)q = DMs{k), so the result on the embedding in this case is 
just the usual embedding theorem of Voevodsky. 
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